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The c ru s t  fo rmat ion  is analyzed as  a p rob lem of phase  t r ans fo rma t ion  with a random mode 
of heat t r a n s f e r  a c r o s s  the in te rphase  boundary.  A model  of the p r o c e s s  based  on s ta t i s t i ca l  
tes t ing  is  shown here .  

The fo rmat ion  of a p ro tec t ive  c ru s t  in an ore  smel t ing  furnace is a s soc ia ted  with the opt imum the rma l  
conditions and with a s table  lining. In the furnace cruc ib le  there  f o r m s  a mel t  whose t e m p e r a t u r e  is  de-  
t e rmined  by the phys icochemica l  p r o p e r t i e s  of the charge .  Under no rma l  operat ing conditions there  f o r m s  
along the inner  wall  a p ro tec t ive  l aye r  of solidified ma te r i a l ,  which p reven t s  a chemica l  decomposi t ion of 
the furnace  lining. The poss ib i l i ty  of c ru s t  fo rmat ion  and i ts  subsequent  th ickness  at  a given power  level  
of furnace  operat ion will de te rmine  the opt imum crucible  d imensions  [1]. 

The p e r f o r m a n c e  of ore  smel t ing  fu rnaces  is la rge ly  affected by p r o c e s s e s  which make it  difficult to 
de te rmine  the the rmophys ica l  p r o p e r t i e s  of a mol ten m a s s .  F u r t h e r m o r e ,  r e su l t s  obtained by s imulat ing 
the t he rma l  p r o c e s s e s  in furnaces  of var ious  capac i t ies  cannot be scaled up f r o m  low-power  to high-power  
appara tus .  

In view of this ,  there  a r i s e s  the p rob lem of devis ing a s imulat ion method which would requi re  the 
l eas t  t ime and equipment  for  tes t ing  and the ma themat i ca l  descr ip t ion .  A model for  de termining  the c ru s t  
th ickness  will be shown he re  which is  based  on s ta t i s t ica l  t e s t s .  

The model  is shown schemat ica l ly  in Fig.  1. E lec t r i c  power  is supplied to the ore  bath 1 in the 
furnace through e lec t rode  2; a constant  t e m p e r a t u r e  is  mainta ined at  the outer  wall consis t ing of a me ta l  
jacket  3 and a l ine r  4. The movemen t  of the in te rphase  boundary  5 is de te rmined  by the amount  of heat  
flowing f rom the bath  to the side wai ls .  The p rob l em is  to de te rmine  the thickness  of c rus t  6 at  var ious  
power  input leve ls .  Crus t  fo rmat ion  is  a s soc ia t ed  with a phase  t r ans fo rmat ion  in the l iqu id-so l id  s y s t e m  
and, the re fo re ,  i ts  ana lys i s  t ies  in with the Stefan p r o b l e m  [2]. 

The t h e r m a l  c i r cu i t s  may  be r ep re sen t ed  as  follows. The solid phase  cons is t s  of two l aye r s :  the 
l iner  and the c rys ta l l i z ing  mel t .  The thickness  of the l a t t e r  c o m p r i s e s  the width of the zone separa t ing  the 
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Fig.  1. Schematic  d i ag ram of 
ore  bath  in a smel t ing  furnace .  

wall  f r o m  the in te rphase  boundary.  The the rmophys ica t  p r o p e r t i e s  
of the solid phase  a r e  functions of the coordinates  and of the t e m p e r a -  
hare, while those of the liquid phase  a r e  unknown functions of the t e m -  
p e r a t u r e .  The c ru s t  thickness  is de te rmined  f r o m  the i s o t h e r m  for  a 
t e m p e r a t u r e  below the t e m p e r a t u r e  of the in te rphase  boundary.  One 
speci f ies  boundary conditions of the third kind a t  the outside sur face  
of the l iner ,  and of the second kind along the solid sur face  in the upper  
pa r t  of the bath.  

The ma themat i ca l  model  of the c ru s t  fo rmat ion  p r o c e s s  can, in 
this case ,  be  desc r ibed  by the following sy s t em of equations: 

cl (x, u, rl) pl (x, y) or1 o ( or, ) 
or Ox h (x, u, 7~) --TZ ! 
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At the i n t e r p h a s e  bounda ry  r we have  T 1 = T2: 

.<, _or_  I - xo _.or2 I : Oil 
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We note tha t  m a s s  t r a n s f e r  and c h e m i c a l  c o n v e r s i o n s  not accoun ted  fo r  in Eq. (2) a r e  r a t h e r  s ign i f i -  
can t  within r eg ion  ~22. F u r t h e r m o r e ,  the condi t ions  of hea t  t r a n s f e r  a t  the b o u n d a r i e s  of the r e ac t i on  zone 
and the p h y s i c a l  p h e n o m e n a  o c c u r r i n g  within the r e a c t i o n  zone a r e  not in a l l  o re  s m e l t i n g  p r o c e s s e s  suf f i -  
c ien t ly  u n d e r s t o o d  ye t .  In view of th i s ,  one m a y  r e g a r d  the p r o p a g a t i o n  of hea t  through reg ion  ~22 as  a 
r a n d o m  p r o c e s s  and a s s u m e  tha t  the hea t  f lows in a chaot ic  p a t t e r n .  One m a y  then c o n s i d e r  a l l  the hea t  
r e l e a s e d  in the vo lume  unde rnea th  e l e c t r o d e  2 dur ing  a unit  of t i m e  to b e c o m e  d i s t r i bu t ed  o v e r  the nodes  
of the compu ta t ion  g r id  which c o v e r s  r eg ion  ~2. 

A t h e r m a l  f lux e l e m e n t  con ta ined  in point  (x, y) a t  the t i m e  r + Ar  is  d e t e r m i n e d  by  the t h e r m a l  f luxes  
in the s u r r o u n d i n g  po in t s  a t  t ime  r :  

u (x, g, ~ : AT) =: p~ 1 u (x -I- ax, y, ~) § p-1 u (x - -  Ax, g, ~) 

-]-p+2u (x, y - i  2g, ~)-~-p-2u(x, g - - h g ,  x), p___i-i p_+2= 1, (4) 

w h e r e  p •  and p+2 a r e  the t r a n s i e n t  p r o b a b i l i t i e s .  

Equat ion  (4) is  the d i f f e r e n c e  ana log  of the E i n s t e i n - K o l m o g o r o v  d i f f e r en t i a l  equat ion [3] 

Ou 1 O"-a 1 O"u Ou Ou 
D x , O y - - - - c  x --Cy - -  . (5) 

0"~ 4 Ox 2 4 Of" ~x Og 

The f o r m  of Eq. (5) i s  the s a m e  as  the equa t ion  of hea t  conduct ion in a m o v i n g  s t r e a m .  I ts  coef f i -  
c ien t s  D x and Dy have the d i m e n s i o n  of t h e r m a l  d i f fus iv i ty  (m2/sec) ,  while  Cx and Cy have  the d i m e n s i o n  of 
ve loc i ty  ( m / s e c ) .  

The p h y s i c a l  m e a n i n g  of Eq.  (5) i s  tha t  i t  d e s c r i b e s  the law of hea t  d i s t r ibu t ion  in r eg ion  ~22, with u 
be ing  a funct ion of the s o u r c e  dens i t y .  Since i t  i s  n e c e s s a r y  to d e t e r m i n e  the t h e r m a l  f lux t r a n s m i t t e d  
through the s ide  wa i l s ,  hence  the bounda ry  condi t ions  wil l  be  wr i t t en  as  

u (x t, gt, t)-=: 1, u (x, y, t) .... O. (6) 

In o the r  w o r d s ,  the m o d e l  d e s c r i b e d  by Eqs .  (1) and (5) r e p l a c e s  now the mode l  d e s c r i b e d  by Eqs .  
(1) and (2). 

Thus ,  the so lu t ion  of the p r o b l e m  c o n s i s t s  of two s t age s :  in the f i r s t  s t age  we c o n s i d e r  the hea t  d i s -  
t r ibu t ion  in the o re  ba th  ( reg ion  ~22) and d e t e r m i n e  the t h e r m a l  f lux QT t r a n s m i t t e d  a c r o s s  the i n t e r p h a s e  
boundary ;  in the second  s t age  we so lve  Eq. (1) and d e t e r m i n e  the i s o t h e r m  of the c r u s t .  

Nt 
In o r d e r  to d e t e r m i n e  the t h e r m a l  f lux QT =~s u(x, y,  t), we r e p l a c e  Eq.  (5) by i ts  d i f f e r ence  ana log .  

The  ba th  vo lume  unde rnea th  the e l e c t r o d e  will  be  subdiv ided  into a u n i f o r m  gr id  of d i m e n s i o n s  (k + 1)(m + 1). 
The en t i r e  t h e r m a l  f lux Q0 e n t e r i n g  the ba th  is  a s s u m e d  to d i s t r i b u t e  o v e r  the g r id  nodes .  With the p h a s e -  
t r a n s i t i o n  b o u n d a r y  r e g a r d e d  a s  an a b s o r b i n g  shie ld ,  we app ly  the me thod  of a r a n d o m  walk  [4] to d e t e r -  
m ine  the n u m b e r  of po in t s  u(x, y,  r)  which r e a c h  this  sh ie ld  a f t e r  t s t eps  and obtain  

NT 

QT= Q0 NTN Z u (x, y, .x) = (p+l _k p-l) Q0. (7) 

The  p r o b a b i l i t y  tha t  the t h e r m a l  f lux c o n c e n t r a t e d  a t  s o m e  node (i, j) wiU r e a c h  the p h a s e - t r a n s i t i o n  
b o u n d a r y  a f t e r  t s t e p s  is  g iven in Eq. (4), and this  equat ion  m a y  be r e w r i t t e n  in a m o r e  conven ien t  f o r m  

.u  s+l(i, ]) = p+lu ~(i @ 1, ]) -}- p - tu  s ( i -  1, ]),%-p+2u ~(i, ]-? 1) @ p-2u s(i, 1- -  1) (8) 
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(s denoting a d i sc re t e  t ime  interval)  with the boundary conditions 

where  

u(0, ] ) = l ,  u(k-~-l, i ) =  1, (9) 
u( i ,  0 ) = 0 ,  u ( i ,  r e + l ) = 0 ,  

l ~'hx'~-= 4D~, (AY)~ -- 4Dy, (10) 
h~ h~ 

p• . - - - - -1  T--' c~: hx ,  p+e_ = - - 1  +- Cv - Ag. (11) 
4 - 4D~ 4 4D u 

For  this Analytic solutions to Eq. (8) with conditions (9) a r e  known only for  ce r ta in  specia l  c a se s .  
r e a s o n ,  it would be appropr ia te  to solve Eq. (8) by the Monte Car lo  method [6]. 

Having de te rmined  the t he rma l  flux pass ing  through the side walls at d i f ferent  power  levels  M' and 
M", one can r e p h r a s e  condition (3) as  follows: 

(12) 
aT ' 

o710,  2@2 Q'T. (la) 

The t rans ien t  p robabi l i t i es  in this s ta t i s t i ca l  model  a re  playing the role  of s imi l a r i ty  c r i t e r i a .  In 
the physical  sense  they co r respond  to the Pec le t  number .  Unlike in physica l  models ,  where  the s imi la r i ty  
c r i t e r i a  a r e  constant ,  he re  the t rans ien t  probabi l i t ies  will f luctuate f rom 0 to 1. The i r  values can be de-  
t e rmined  when the rma l  equi l ibr ium in the tes t  furnace ceases  to prevai l ,  whereupon c x and Cy a re  ca lcu-  
lated according  to fo rmulas  (11). The init ial  location of the in te rphase  boundary in the tes t  appara tus  is 
a l so  de te rmined  then. 

The p r o c e s s  is now scaled up accord ing  to s imple  ru les :  when the scale  fac tor  is appropr ia t e ly  
mult ipl ied,  then the grid s tep changes and the number  of s teps  (process  t ime) n e c e s s a r y  for  a point to 
r each  the s tate  of heat  absorp t ion  a lso  changes,  but quadra t ica l ly  accord ing  to (10). 

As has  been said e a r l i e r ,  the second stage is  solving Eq. (1) with condition (13) s t ipulated at  the 
in te rphase  boundary F. According to the p rocedure  adopted for  calculat ing the c rus t ,  Eq. (1) can be solved 
by  the Monte Car lo  method, the gis t  of which is to r e p r e s e n t  the di f ference scheme for  the different ia l  equa-  
tion as  a Markov chain with a finite number  of s ta tes .  P r o b l e m s  assoc ia ted  with the applicat ion of the 
Monte Car lo  method to heat conduction have a l ready  been d i scussed  in [7, 8]. 

Another good r ea s on  f o r  using the method of s ta t i s t ica l  t e s t s  is  that the values  given for  the t h e r m o -  
physica l  p r o p e r t i e s  of m a t e r i a l s  a r e ,  as a rule ,  widely sp read  and no s imple  analytic re la t ion  between 
these p r o p e r t i e s  and the t e m p e r a t u r e  is known. With the use of s ta t i s t ica l  methods it  is convenient to 
s imul taneously  s imula te  the the rmophys iea l  p r o p e r t i e s  of' the m a t e r i a l s  involved. We will b r ie f ly  desc r ibe  
he re  the method of solving Eq. (1), which has  a l ready  been desc r ibed  m o r e  thoroughly in [9]. Since the heat  
conducting med ium is  he terogeneous  and the t he rma l  conductivi t ies  a r e  functions of the t empera tu re ,  hence 
each zone is  subdivided into a uni form grid.  The values  of t he rma l  conductivity between node points a r e  
genera ted  accord ing  to the rule  of random sampl ing.  It is  n e c e s s a r y  he re  to specify the range of poss ib le  
values  for  each zone. 

Having calculated the t e m p e r a t u r e s  at the grid nodes n t imes ,  each t ime anew generat ing the values 
of t he rma l  conductivity between nodes,  one now de te rmines  the mean  t e m p e r a t u r e  at  node (i, j) accord ing  
to the formula  

n 

~ J r=l (14) 

T .r . where  1,3 denotes the t e m p e r a t u r e  at node (i, j) based  on the r - t h  sampling of t h e r m a l  conductivity values .  

The t e m p e r a t u r e  at  node (i, j) is calcula ted accord ing  to the formula  

TS+.l Ji+l . i  ~,i + Ji--l , i  ~,1 "4- J i  i+1 ~,1 -r- ~i.r ',i (15) 
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Fig.  2. Crus t  prof i le  at  var ious  
power  levels .  

:lj . ~2 the rma l  between nodes j) where  Xi ~ denotes  the conductivity (i, 
and (i + 1, j) while Xi j denotes the the rma l  conductivity between 
nodes (i, j) and (i, j • 1). 

Fo rmula  (15) may be in t e rp re t ed  as  r ep resen t ing  a random 
walk among grid nodes,  with the pe r iphe ra l  nodes in the s tate  of 
absorp t ion  [9]. The t r ans ien t  probabi l i t i es  in this case  a r e  de-  
t e rmined  accord ing  to the formula  

~ + t n  

p~ ..... (16) 
i,] 2 

r--=l 

The fact  that this is a Markov p r o c e s s  ensu re s  i ts  stabil i ty 
[10] and the convergence  of the approx imate  solution to the exact  
one. 

For simulating the crust formation process by the method 
of s ta t i s t ica l  t e s t s ,  one mus t  know the init ial  location of the in t e r -  
phase  boundary in the model  and the range of poss ib le  values  of 
t h e r m a l  conduct ivi t ies .  The accu racy  of the model  depends on the 
d i spers ion  of t e m p e r a t u r e  values  at  the gr id  nodes. Fo r  e s t i m a t -  
ing purposes ,  the m a x i m u m  dispers ion  is 

n 

(T~,]-  ~;,i) 2 
0. 2 ~ q = l  

Illax n -  t ( 1 7 )  

With m o r e  sampl ings  n, of course ,  the accu racy  i m p r o v e s  propor t iona l ly  to ~fn. 

It s e r v e s  no useful  purpose  to sample  m o r e  than 30 t imes  for  engineer ing p rob l ems  when an accuracy  
of 15-20% is requ i red ,  e spec ia l ly  since doing so would lengthen the compute r  t ime  cons iderably .  

A c ru s t  prof i le  within the c rys ta l l i za t ion  zone is shown in Fig. 2, based  on this s imulat ion p rocedure .  
It has been a s s u m e d  he re  that  the in te rphase  boundary is a l so  the sur face  of m a x i m u m  e lec t r i c  cu r ren t  
density,  a l so  that as  much heat  is t r ansmi t t ed  by conduction as  by convection. All r e su l t s  a r e  given here  
in re la t ive  units .  

T1 
T2 
k 

P 
b 
l 
Q~ and Q~ 

NT 
N 

N O T A T I O N  

is the t e m p e r a t u r e  in the c rys ta l l i za t ion  zone of a mel t ;  
is the t e m p e r a t u r e  in the reac t ion  zone; 
is the t he rm a l  conductivity;  
is the densi ty of the mel t ;  
is  the heat  of phase  t r ans fo rma t ion ;  
is the dis tance f r o m  the cen te r  of the e lec t rode  to the in te rphase  boundary;  
a r e  the t he rm a l  f luxes t r ansmi t t ed ,  p e r  unit t ime,  f r o m  the bath a c r o s s  the in terphase  
boundary a t  a power  level M' and M"; 
is the number  of points reach ing  the absorp t ion  state;  
is the number  of gr id  nodes.  
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